Calculating the relative entropy of entanglement 
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We extend Vedral and Plenio's theorem (theorem 3 in Phys. Rev. A 57, 1619) to a more general 
case, and obtain the relative entropy of entanglement for a class of mixed states, this result can also 
follow from Rains' theorem (theorem 9 in Phys. Rev. A 60, 179). 
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The relative entropy of entanglement plays an impor- 
tant role in understanding quantum entanglement [Q, it 
reduces to the von Neumann reduced entropy of either 
side for the bipartite pure states for general mixed 
states, the relative entropy of entanglement is hard to 
calculate. In this note, we extend Vedral and Plenio's re- 
sult for pure states to a more general case, and calculate 
the relative entropy of entanglement for a class of mixed 
states. 

The relative entropy of entanglement for 2-party (say, 
A and B) quantum state a is defined by |l|]: 
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(1) 



where D is the set of all disentangled states, and 
S'(cr||p) = tr{a{\n(j — hip)} is the relative entropy of a 
with respect to p. Let p* denotes the disentangled state 
that minimizes the relative entropy ^(fjllp). In fact, to 
calculate Er{a) is to find the state p* . 
Main result: For bipartite quantum state 

O- = a„^n2 \<l>ni1pni) {4'n2tpn2\ 

V ani«2 I0ni> ('/'nal IV""!) (V'nal (2) 
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the relative entropy of entanglement is given by 

Er{a) = a„„lna„„ - S{a) (3) 

and the disentangled state that minimizes the relative 
entropy is 



TJ, 



(4) 



Here, |0„) {\ipn)) is a set of orthogonal normalized states 
of system A (B); S{<7) is the von Neumann entropy de- 
fined by 



S{a) = tr{—ahia} 
If (J is a pure state, there is a„^r 



(5) 



result reduces to Vedral and Plenio's result. 



Proof. The proof is similar to the proof of theorem 3 in 
Q . Since we already have a guess for p* , we show that the 
gradient -^S{a\\{l — x)p* +xp)\x=o for any p £ D is non- 
negative. On the other hand, if p* was not a minimum, 
the above gradient would be strictly negative, which is a 
contradiction. Thus the result follows. 

Let f{x,p) = 5(cr||(l — x)p* + xp), using the identity 
In A = f^[{At- l)/{A + t)]dt/{l + f), we can get 
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{0,p) = l- tr[{p*+t)-'aip*+t)-'p]dt (6) 
Jo 

Since p* = J2n"-rin \4'ni^n) {4'n'^n\, it is uot difficuh to get 

(p* + t)-V(p* + t)-i 

= V , (a„„ + ■ a„„' • (a„'„' + ty^ \(j}ntpn) 

< * 7171, 



Set gin,n') = a„„' • /g°°(a„„ +<) ^ • (a„'„' +t)^ ^dt, ob- 
viously we have that g(n, n) = I, and for n ^ n 



g{n, n) = a„ 
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(8) 



We now show that \g{n,n )| < 1. Ref. |^ has proved 
that 



„ , , lna„„ - Ina ' ' 

o< V«»"«»'»' ■ „ _ '"^ <i 



(9) 



so we only need to show that \a,^,^' \ < Y^fwTtVr?"- ^et 
1 4*) ~ a\(f>nil'n) + i'|0n''0„')j and b are arbitrary com- 
plex numbers. Since cr is a quantum state, it follows that 

(*|cr|^')>0 (10) 

for arbitrary pair of a and b, this requires 

«nna„'„' - a^n'f^n'n = a,nna„' „' - |a„„' ^ > (11) 

Therefore 

\g{n,n')\<l (12) 

The following steps are just the same as those in ref. 
which arc written here for the completeness of this 
proof. 
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Let p = \a) (a| ® where \a) =„ Y^an \(t>n) and 

1/5) =n IV'n) ^re normalized vectors, it is not difficult 
to show that 

— (0,p)-l = -V g{ni,n2) ■ an^bn^a* b* (13) 

ox ^ — 'nin2 

therefore 
df 



dx 



(0,P)-1 



< 15(^1,^2)1 • |a„J • |6„J • |a;j • |6,* J 

<E I«n2|-I&nj-I<|-I^^;j 
^ — ^ — 

= 1 (14) 

Then it follows that ||(0, |a/3) (a/3|) > 0. Since any 
disentangled state p € D can be written in the form 
p — I , we have that 

ff(0,p) = E/^-§T(0,|a^/3')(a^/3»|)>0 (15) 



dx 



Now we show that 5'(o-||p) > S{a\\p*) for aU p e D. 
Suppose that 5(a-||p) < S{(t\\p*) for some p e D, then, 
for < a; < 1, 



fix,p) = S{a\\{l-x)p* +xp) 

< {l-x)S{a\\p*)+xS{a\\p) 
= {l-x)f{0,p)+xf{l,p) 



which implies 

f{x,p)-f{Q,p) 



</(l,p)-/(0,p)<0 



(16) 



(17) 



This contradicts the fact that f^(0, p) > in the limit 
of small X. So, for any p £ D, this is S{a\\p) > S{(t\\p*), 
i.e., the state p* = I]„a„„ \(j)n^n) (</>nV'n| minimizes the 
relative entropy ^((tII/ci) over p <E D. 



Then it follows that 

Er{a) = tr{cr{\i\(T - Inp*)} = a„„lna„„ - S{cr) 

(18) 

This completes the proof. 

It should be pointed out that the above result can also 
follow directly from Rains' theorem 9 in ref. 

The Vedral and Plenio's theorem has been extended to 
a more general case, the result is, nevertheless, very use- 
ful for calculating the relative entropy of entanglement 
for the mixed states a = I]„^„2a„i„2 |0„iV«i) ('/'nsV'nal- 
For the simplest case of two qubits, the relative entropy 
of entanglement Er of the state [|j 



CT^xlOO) (00| + (l-a;)|ll)(ll| 
+a|00) (11| + a* 111) (00| 



(19) 



is given by 



Er{(j) = —X In a: — (1 — x) ln(l — x) 
+AlnA + (l-A)ln(l-A) 



(20) 



where A = i{l + ^ \ - A[x{l - x) - \a\^} . 

Other applications of this result can be found in ref. 

i- 

We thank Prof. E. M. Rains for pointing out an im- 
portant reference. 
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